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Abstract

This paper is aimed to study the effects of hemtdfer and magnetic field on the peristaltic flofvao
Jeffrey fluid in a vertical annulus with zero Rejd®number and long wavelength approximations. ifiher tube
is considered to be uniform and rigid where asdbger tube is considered to have a sinusoidal viexelling
along its wall. A uniform transverse magnetic figfl strength Bis applied perpendicular to the flow direction.
Wave frame of reference moving with the velocitytbé wave is used to investigate the flow. Expssiare
obtained for temperature, velocity, stream functipressure rise and frictional forces. The feawkthe flow
characteristics are analyzed by plotting graphsthadesults are discussed in detail. It is obgktkat the pressure

rise increases with increase in Jeffrey paramgter
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Introduction
In living bodies, heat transfer plays an important
role in many physiological processes as it affabis
temperature and its spatial distribution in tissues
Advances in the research of bio-heat transfer paked
way to the developments in diverse areas such as
hyperthermia cancer therapy, thermal diagnosis,
cryogenic surgery etc. The prerequisite for further
guantitative and accurate analysis of bio-heatsfeanis
to effectively understand and model the transfer
mechanism of mass and energy in the biologicaksyst
Thermal energy transfer in living tissues is a
complex process which includes conduction,
convection,radiation, interior metabolism, evaporat
phase change, and
Furthermore, heterogeneity of living tissues and
discrepancies in biological materials bio-thermal
behavior have a remarkable effect of blood perfusio
the temperature field in body, which varies among
different tissues and organs. Therefore, it is \dffjcult
to build generally applicable models to precisedgatibe
the heat transfer process, and most of the propbiged
heat equations are very complicated. Generally, the
complexity of the bio-heat transfer equations maites
difficult to obtain their analytic solutions. Howewy
analytical solutions of these equations, if atthleaare
of important significance in the study of bio-h&ainsfer
because they can not only accurately reflect thaahc
physical feature of equations but also be used as
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inherent temperature regulation.

standards to verify the corresponding results of
numerical calculation.

Heat transfer analysis can be used to obtain the
properties of tissues such as the flow rate of did@ne
such technique is thermal dilution technique. lis th
technique, heat is either injected or generatedllpand
the thermal clearance is monitored. With the knolgée
of initial thermal condition and the thermal clazca
rate, it is possible to estimate the blood flowesafl].
The research on the bio heat transfer has led toyma
developments in medicine such as hyperthermia iclwh
heat and cryosurgery in which coldness are used to
destroy undesirable tissues such as cancer, r@uiati
treatment in which lasers are used for surgerycdse
hyperthermia it is observed that tissue can beralgsd
when heated to 42-45° C [2]. Radiofrequency theriapy
useful to treat more diseases such as the tissue
coagulatiOn, the primary liver cancer, the lungcsarand
the reflux of stomach acid. All this has given an
additional thrust for research in thermal modeling
human tissues.

Peristaltic pumping is a form of fluid transport
that occurs when a progressive wave of area cdigrac
or expansion propagates along the length of the tab
which fluid is flowing. It is a natural property sérved
in many biological systems which transports biadfu
Some of the examples are transport of urine frosmey
to bladder, flow of blood in smaller blood vessétdra-
uterine fluid motion etc. The transport of waterdan
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minerals from ground to all parts of a plant isiéetd to

be explained by peristalsis and free convectione Th
diameter of plants trunks are found to be varying
minutely with time which justifies the applicatioof
peristalsis to this transport. The transport of ewat
involves its movement through a porous matrix o th
tree. Aikman and Anderson [3] and Canny and Phillip
[4] have studied the transport of water in plants.
Radhakrishnamurthy et al. [5] and Vajravelu and
Radhakrishnamacharya, [6] have investigated flow
through vertical porous tube with peristalsis arehth
transfer. Recently Mekheimer and Abd Elmaboud [7]
have studied the influence of heat transfer andnmiig
field on peristaltic transport of a Newtonian fluid a
vertical annulus.

The mechanism of peristaltic transport is widely
used in industrial applications like sanitary fluid
transport, transport of corrosive fluid where th@tact
of the fluid with the machinery parts is prohibited

A lot of literature is available both analytical
and experimental on peristalsis involving viscolgdf
under one or more assumptions such as long waubleng
small Reynolds number, small amplitude ratio, small
wave number [8-20]. The magnetohydrodynamic
peristaltic flow is of importance as it appliesmany real
time applications such as blood and blood pump
machines. The effect of magnetic field on bloodvfloas
been discussed by Stud et al [21], Agrawal and
Anwaruddin [22], Hyat et al [23] and Mekheimer
[24].Similarly a lot of literature is available qeristaltic
transport of non-Newtonian fluid [25-33] which have
promising applications in physiology as many biads
can be modeled as non-Newtonian fluids such aseJeff
fluids, power law fluids, Carreau fluids etc.

With all the above discussions in focus, in thigkyat is
proposed to study the effects of heat transfer and
magnetic field on peristaltic transport of a Jefffeid in

a vertical porous annulus. The inner tube is rayid the
outer tube has a wave train moving independenthe T
flow analysis is developed in wave frame of refeeen
moving with the velocity of the wave. The problem i
solved for velocity, stream function, axial pressur
gradient and frictional forces

Formulation of Problem

Consider the magnetohydrodynamic flow of a
viscous, incompressible and electrically conducfiogl
through the gap between two co-axial vertical tuliés
inner tube is ridgidly maintained at a temperat(re
and the outer as a sinusoidal wave travelling daen

wall and it is exposed to the temperaffige The

geometry of the wall surface is described as(sgeN®@i.
1).
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Rll = a (1)
R:=a;+b cosﬁ(z' ct') )
A

L - ¢
-

v

Fig.1. Geometry of problem
where a;, Qare the radii of the inner and the outer

tubesp is the amplitude of the wavd, is the wave

length.Cis the wave speed aridis the time.
A uniform magnetic fieldB,is applied transversely to

the flow. The magnetic Reynolds number is small smd
the induced magnetic field is negligible.

Introducing the wave frarr(qr', z') moving with the
velicityC away from the fixed frame(R' .z') by

transformation.

z=Z-ct, r=R,w=W-Cu=U @
where (ul,wl) and(U W) are the velocity

components in the wave and fixed frame respectively
After using these transformations the equation ofiom
are

ou ow u

+—+— =
. c+—=0 )
or 0z r
ﬂ[ulm:+w‘m.1=—op:+y [azu'+1'¢m:+02u'_u'
ar 9z ar 1+t A1lar'? r ar az'2 r'?
(5)
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plu@w o ow'| o 0P L x |a2w', 1ow’ , 92w
ar 0z dz Yt ar? roar 9z'?

—oBi(w+c)+pga (T -To) ©
The energy equation is

L
0T OT} k{aT

ot
pCp{U"’ — +LLT +-0T :l"'Qo

ar'2 r or 9z 2
(7)
1 1

where y and yw are the velocity components in the
1 1 1

r and z directions, respectivelpis the densityp is

or 0z

the pressurel is the viscosityT is the temperature,
is the coefficient of linear thermal expansion of
thefluid,k denotes thermal conductivity,Cp denotes

specific heat at constant pressure aq}, is the

constant heat addition /absorption. We introduce th
following non-dimensional variables.

r:r_’zzé’wzﬂ’uzku’
a A C a.cC

— a.% ' _I'i_ _ a

- y __818__1

P XuCp ' a A

ro= 12 =1+¢cos( &z),Re= Pcs
az 48
i c

€= IM: - B,
a \/;az 0

Gr gaag(TrTo) B = asQ,

V& , k(Tl'TO),

M T T
k Ti-To
where @is the amplitude ratio,Re is the Reynolds
number? is the dimensionless wave numbdr, is the
magnetic parametef3r is the Grashof numbeRris the
Prandtinumber an@lis the non-dimensional heat
source/sink parameter and dashes (') are dropped.
To proceed, we non-dimensionalize the
equations (4)-(7). Thisyields
d(ru
10(ru), ow _ 9)
r o or 0z

(8)
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au oul_ _adp a(10(ru)
3 il ol nlt 2 7 | =
Res {uarJr az} ar+5ar[r ar te
(10)

ow_ dw|_ _dp 1 9 (, ow ,0°w
Red[u ar +W62J_ 3z " A+.)r 6r[ 6rj 022
(11)
-m 2(w+1)+Gro

40°%U
az*

06 061]_0°6 1060  _,0%0
RePrd o+ +
¢ r{ or Waz} §gz2 ror o 922 s
(12)

Using the Long wave approximation and dropping g&erm
of order d and higher, it follows fromequations (9)-(12)
that the appropriate equations describing the flothe
wave frame are

10(ru) , aw
= + =00, 13
r or 0z (13)
op _
=0, 14
o (14)
op_(_1 Y10( ow)_ .,
az_[1+AlJrar(rarj w2 (w+1)+cre,
(15)
2
O_M+l%+ﬂ (16)
9272 r or

Equation (14) shows thapis not a function off The
corresponding dimensionless boundary conditioas ar
w=-1 0=1, at r=ri=¢,

w=-1 6=0, at r=r: 17)

The temperature equation (16) with the boundary
conditions yields

1
0 = ——| (4+B(r? -
il
re

r3))1og r-p (r > r3) logr,

-4 o

The expression for the velocity of the fluid, obtd as a
solution of equation (15) after substituting eqomat{18)
subject to the boundary conditions (17) is given by

W(I’ Z)— 1 {(ij[))(l(CuH(Nr)gClsK O(Nr)_lj

N G(|0(NI’)K o(er)'K O(Nr)l O(er))_Nz

Cu
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G
+ 4 + 2
4C13|:( B(l’l

¥ (B (rz-rg)-4)logr2}} (19)

where p Koare the modified Bessel functions of the first

- r%)) |09H’>(r2 'I’zz) logr,

and second kind respectively of order
d
0,N=M w/(1+k1) ﬂz(lﬂl)% and
. z
G=(1+1,)Gr. The corresponding stream
10
function(U = -——[/jandw __6_4[/) is
r a0z r
1 d P, 2
r,z)= N -
\V( ) 2C11N3dx {Cll (rl r )

+2(;14(I’|1(N r)-r1| l(NI’))

'2C15(rK 1(Nr)+r1K 1(Nr1))}

1
+ {Czs(rz_rlz)

16C1:Cu:N?
+C26(FI1(NF)-r1I 1(Nl’1))

+C27(rK 1(Nr)'r1K 1(Nr1))
+CuNG [2[’2(4'*'(:138)|Ogr

+ Iogrl(B (ri1 - r4) + Pror ng)

Yool

(20)
where |. and K1 are modified Bessel function of first
order, first and second kind, respectively.

The instantaneous flow raf@ ( Z) is given by

+ Iogrz(rl2 -

I dpl
Q(2)=2] w(r.ddz=Cas €2 (2)
I
From equation (21) we get
dp_ 1
a7 C24|:Q(Z) 'Czs] (22)

where the constants in Eqgs. (19)- (22) are set in
Appendix A.
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Following the analysis given by Shapiro et al. [fHe
mean volume flo over a period is obtained as

(23)

2
Which on using Eq.(22) yields

dp 1 AL 2 (P2
= = 4o 14+
a2 @, 2 [ 5 ) C=| @

The pressure risép and the friction force (at the wall)

(0)

on the outer and inner tubes arg and

=0 respectively, in a tube of length in their non-
dimensional forms, are given by

Ap:}d—p dz

= ri( jdz (26)
=2 1d
Ir ( dzj z (27)

Substltutlng from Eq.(24) in Egs. (25)- (27) with
r1=8,r2=l+(pCOS( ZtZ) we get the pressure rise and

the friction force (at the wall) on the outer amuher
tubes.

(25)

Results and Discussions

MATHEMATICA is used to evaluate the
guantitative effects of different parameters in pnesent
analysis. Numerical values are obtained and midte
different physical parameters of interest such as
AP, ()for different values of&=0.1lupto 0.5,

M >\/_,Gr—0 up to 9 andp<0 (heat sink) P=0
(absence heat source) pr 0 (presence of heat source).
Fig.2 shows the variation of pressure rise verbasfitee
convection parameter Gr for different values pf the

heat source/sink parameter. It is observed that the
variation of pressure rise is linear with the free
convection parameter. It is also observed that the
increase in free convection parameter reduces the
pressure rise in the presence of heat sfiik (15 <0).

Conversely in the absence or presence of heatesdgirc

0 or 5) it is observed that the increase in thee fr
convection parameters increases the pressure rise
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FielTAP ws @ fordifferantvalues of A at

Aat
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Figld g (roz)vs ¥ for differ=mt valuzs of JE at
=04, 6=01z=03
The Figs 3 & 4 show the variation of pressure

rise with respect to magnetic parameter M for défe
values ofe and Gr . It is observed that the increase in M
increases the pressure rise when the free conmectio
parameterGr =1. WhenGr =3,5 and 7 the pressure rise
decreases for smaller values of M, but for highelues
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¢§=04,Gr=3M=4,5=3,6=03

0rz)

Fig2t & (#, 2')vs ¥ for different values of JE at

F§=04s=032=05
of M it increases. The figs also show that the gues
rise increases with increase in valueseof.

Figures 5 & 6 show the variation of pressure
rise with respect to mean volume flow ratg for
different values ofgand ¢. It is observed that the
pressure rise varies linearly with flow
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rate. It is also observed that increase in the flate (Q <0 &AP > 0) are also shown if Figs 5 & 6. It is

reduces the pressure rise. Pressure rise is olséove

. L . . ) clearly seen that peristaltic pumping region bec®me
increase with increase in amplitude rati@g. The y P prmping reg

wider as the radiug and amplitude ratiqp increase.

pumping regions, peristaltic pumping In Fig.7 the variation of friction force on inneubte
(Q>0&AP >0), augmented pumping (@) versus the free convection parameter is
(6 > 0 & AP < 0) and retrograde pumping shown. It is seen that the variation of frictiorrde on

the inner tube is in opposite direction to thapodssure
rise. Variation of friction force on inner tube sas
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mean volume flow rate) is shown in figures 8 and 9 for
different valueg.Figures 10 and 11 show the variation

of friction force on inner tube versus magneticavaeter
M .The friction force on the inner tube is exhibgian
opposite behavior to that of pressure rise.

Fig.12 shows the variation of friction force on

the outer tube F(O)versus the free convection
parameteGr for different values ofheat source/sink
parametep. Figures 13 and 14 show the variation of
friction force on the outer tube with M, the madoet
parameter for different values @r and £ Figures 15
and 16 show the variation of friction force on thater
tube versus the flow ra@. The friction force on the

outer tube is observed to follow the friction forwe the
inner tube for variations of different parameters.
Figs 17 and 18 show the variation of pressure

rise versus the free flow rat@ for different values of

the Jeffrey parametg; . It is observed that the pressure
rise varies linearly with respect to flow rate.idt also
observed that the increase in Jeffrey parampter
increases the pressure rise. However it is obsettvad
the change in the radius has very small or negligible
effect on the pressure rise pattern.

Figures 21 to 23 show the variation of velocity
verses radius r for different values of Jeffrey
parametep,, Gr and amplitude ratio. Figures show that

the velocity increases with increase in Jeffreyapaater.
Gr and the amplitude ratio.
Appendix A

C11= 1o(Nr)K o Nr) =1 o( NEJK o Nr) € =2 73,

Cu= Iog%, Cu= Ko(er) -KU(er),
2

Cis = 1o(Nr) = 1o(NF)s €= CuCas
Cy = rlll(er) - rzl,(er),
Cis = nKl(er) “rK z(er),

Cu= CuKo NI = Cuo NrJ,
o= BNG2GaCa- 16G; G Gt 16G G G

Cz= GNC:Ci(4+ CB) - 8NCsG( Gh- N g - GGQN @(ri -r3) +16 (jg
- C _ C _
Ca™ 8N302:3Cn' Ca ™ 8N3(:2113c1,’ Cis= - NG 8N Go+ G(4+ )

Cas = 16GCuKo(Nr2), Cor = 166C4 o Nr) .Co= B[ 4 (Ctr)B)
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